A physically based crack softening approach to modelling the failure of brittle materials that have been subjected to dynamic loading is presented and applied to a two-dimensional non-linear transient dynamic hydrocode. It is assumed that there are a number of evenly distributed and orientated microflaws within the brittle material that are activated by a dynamically applied stress. The mode I and mode II stress intensity factors are calculated and compared to critical values, at which point the cracks grow at a velocity dependent on the mode I stress intensity factor. The strength of the ceramic is degraded according to the length of the cracks. A simulation of a steel sphere impacting and penetrating a ceramic target at 1500m/s is presented.
. Interaction between the particles is defined by a kernel function that exerts influence in a small neighbourhood around each particle. SPH has a number of advantages over other methods of processing in that it is gridless and therefore there are no mesh tangling problems, as in the standard Lagrange methodology (which uses mesh points that are embedded in the material and move with it in space). Particles are required only where there is material, and fracture and ejection of material can be readily modelled by the separation of particles. However, SPH as a method for penetration studies, has not yet been fully developed. Energy errors and 'numerical fracture' still cause problems although the method has shown some measure of success 16 . Rockfield Software has developed a finite / discrete element code that has recently shown some promise in the analysis of penetration into ceramic by a long rod 17 . Initially, the target in question is modelled as a continuum using finite element methods. Using simple constitutive relationships and fracture algorithms, the code is able to accurately predict fracture initiation. Progressive fracturing of the continuum results in the formation of discrete elements which may consist of one or more deformable finite elements or even parts of an original element. This process requires re-meshing algorithms to convert fractured zones into discrete element representation. Therefore, the formation of individual fragments can be readily simulated.
The Model

Dynamic Failure in Compression
Most brittle solids contain inhomogeneities such as small holes, cracks or phases which have different moduli or strengths from those of the matrix. When a brittle material is subjected to a large confining stress, any of these inhomogeneities can act as nuclei for new cracks. These microcracks eventually coalesce to cause axial splitting.
For a straight slanted flaw that is loaded under biaxial compression, where σ 1 >σ 2 , tensile cracks nucleate from the tips of the flaw and grow in the direction of maximum compression 18, 19 . The tension cracks (or 'winglets') are assumed to grow so as to maximise the mode I stress intensity factor K I (Figure 1 ). The growing 'winglets' are approximated by straight cracks because the sigmoidal cracks grow to several times the initial flaw length 10, 20 . Under compression, the failure depends on the relative magnitude of the principal stresses. The kinked tension cracks are approximated by a single large crack of length 2l that grows in the direction of maximum compression. The analogy can also be applied to a crack emanating from a circular pore 21 . The mode I and mode II stress intensity factors K I and K II at the tip of each of the tension cracks shown in Figure 1 and under biaxial compressive loading are given by
where Tcosθ and Tsinθ are the crack opening and sliding loads respectively. In this instance, the compressive stresses are assumed positive.
These results give good estimates of the stress intensity when l is large but an unstability occurs when the length l becomes vanishingly small. To overcome errors in the calculation of K I and K II when the length of the tension cracks are extremely small, a constant (l * ) is added in order to produce an 'effective' crack length (l+l * )
which is dependant on the initial flaw size 20 . l * has been estimated 7 to be 0.27a.
The above theory calculates the stress intensity factors for a material that is subjected to far field stresses that create shear stress along the surface of an inclined crack. It does not however predict the nucleation of a flaw under large hydrostatic stress.
Therefore, to simulate the effect of 'crushing' or 'pulverising' of the material ahead of the penetrator, a relationship was used which evaluates the degree of plasticity within the material.
'Plasticity' in ceramics has been observed by a number of authors 22, 23 and is generally exhibited by the process of twinning and/or slip within the crystalline structure.
Twinning and slip within individual grains and plasticity within interfacial materials
give rise to the nucleation of intergranular microcracks, which eventually coalesce causing failure of the material.
Clearly, this physical process is practically impossible to simulate accurately using a Lagrangian hydrocode. To overcome this problem, an 'effective plastic strain' failure criterion was used similar to that used by Persson 24 and implemented within the current version of AUTODYN™ 3 .
Damage in a cell is initiated when a minimum degree of plasticity ( 1
This value is assumed to be the effective plasticity required to nucleate inter-granular cracks. A limiting value of effective plastic strain ( 2 P ε ) is set which determines the point at which complete coalescence and failure has occurred within the individual cell. This relationship is shown schematically below in Figure 2 . Once the material has failed completely (due to the coalescence of the plasticitynucleated microcracks) no further damage can be accumulated.
Dynamic Failure in Tension
Much of the failure observed in a brittle material subjected by a dynamic load is tensile. Hoop stresses induced by the radial movement of the material due to penetration are sufficient to nucleate tensile flaws which eventually coalesce and cause failure. Moreover, tensile spall planes are generated by tensile waves reflected from free surfaces and interact with inhomogeneities to nucleate microcracks. When a tensile pulse passes a microcrack within a brittle material the mode I and mode II stress intensities depend on the time of duration and the speed of the pulse.
Assuming that the tensile pulse arrives uniformly at the crack tip, the stress intensity factors can be described 25 by
where σ θ and τ θ are the resolved normal and shear stresses acting on the microcrack, where ν is the Poisson's ratio of the material.
Crack Distribution
It is assumed that there is a uniformly distributed number of microcracks of even length distributed through the target material. For simplicity, it is assumed that there is one orientated microcrack per cell, evenly distributed as shown in Figure 3 .
However, it is simple to apply a random Weibull distribution function to the crack position and to vary the length in a random fashion. It is assumed that residual stresses within the material are minimal. Although the orientations of microflaws are generally random, failure occurs from cracks that nucleate from microflaws of some particular angle. For two-dimensional analysis, the angle which is chosen here is that suggested by Nemat-Nasser and Deng 26 , namely θ = π/5. The length of the initial microcrack is taken to be the average size of a microflaw within the material.
4 Crack Initiation
In conventional static Linear Elastic Fracture Mechanics, the onset of crack growth occurs when the stress intensity factor measured at the crack tip exceeds some critical value K c . This value is often referred to as the static fracture toughness.
In elastodynamic fracture, the onset of growth of a rapidly loaded stationary crack is given by
where K d is the dynamic initiation toughness which may also depend on the temperature.
It has been shown experimentally 27 that
where α is a constant. At initiation, α varies between 1.25 -1.40 for ceramics 28 .
According to the criterion given above, a propagating crack will be arrested when the stress intensity factor becomes smaller than or equal to a critical value.
This can be expressed as
where K Ia dyn denotes the dynamic crack arrest toughness. 
where E represents the Young's modulus of the material.
To calculate the energy release rate of the crack, for both compression and tension, the respective mode I and mode II stress intensity factors are substituted into Equation 7 . This then is checked against a critical energy release rate G c .
Because the mode I and mode II stress intensities in compression are calculated from Linear Elastic Fracture Mechanics, we must consider the effect of loading the specimen dynamically. We do this by introducing the relationship:
where G d is the dynamic energy release rate, G is the static energy release rate calculated from Equation 7 and h is a constant to be calculated from experimental data. Both the dynamic and static critical energy release rate (plane strain) for tensile crack initiation can be calculated using the relationship: The modified value of the energy release rate is compared with the critical energy release rate for crack initiation: Ref. In tension however, the mode I and mode II stress intensity factors are calculated from the laws of elastodynamic fracture mechanics and a simple initiation law can therefore be used:
(11)
Crack Propagation Velocity
Once a crack has initiated, it will propagate at a velocity dependent on the applied stress intensity 31 . Under compression, the crack will propagate in a stable manner; under tension the crack will propagate catastrophically at a velocity ( )
approaching the Rayleigh wave speed (c R ) of the material. Failure in compression and in tension is described by
Although K d is a function of the rate of applied stress for most materials little evidence exists to support this for ceramics 32 . In this instance, K d is assumed constant and can be calculated by substituting a value of the critical stress intensity factor for a ceramic (4.60MPa√m) and the values of α in Table 1 into Equation 5.
Degradation of the Material Properties
To simulate the degradation of the stiffness and strength which occurs due to the nucleation, growth and coalescence of microcracks, the proposed model of The relation between Young's modulus and porosity is given by
where E and E 0 denote the Young's modulus of the porous material and pore-free material, respectively. β is a pore geometry factor which is determined by pore shape and o P is the degree of porosity which is defined as follows:
where A is the representative area which contains the porosity and a is the maximum radius of the holes. For simplicity, the holes are taken as circles 33 and Equation (13) becomes
In the coded user-subroutine, the degree of porosity is calculated by dividing the crack length by the maximum possible crack length that the cell can sustain. Therefore, a problem is independent of the mesh density. Coble and Kingery 34 also observed that the shear modulus degraded in a similar fashion to the Young's modulus. Therefore, it is reasonable to assume that a single relationship can be used to describe the degradation of the elastic moduli. In compression however, the stiffness of the solid would not be expected to change.
The yield strength of the brittle material is degraded according to the calculated scalar damage parameter (D). In tension, it is expected that complete strength (and stiffness) loss occurs when the material has failed (cracked). Therefore, in this case, the yield strength is reduced to zero. However, in compression, fractured ceramic has been shown to exhibit some strength 35 . A factor (ψ) is introduced which represents a percentage of the compressive yield strength below which the strength of the material cannot be degraded. Therefore, in compression, the yield strength never reaches zero but always retains some strength. In compression, the yield strength is calculated according to
where Y 0 is the yield strength of the undamaged material. The yield strength of the damaged material is unable to drop below Y min :
Currently, the factor ψ is assumed to be 5%. This value is consistent with experiments conducted by Hallas 35 on compressed powdered samples using a Rosand drop tower system. Further experiments are required to confirm this value either by conducting dynamic drop-tower tests or by using a Split Hopkinson Pressure Bar to test the compressive strength of pre-fractured ceramic. To date, problems that have been associated with these methods have been the ability to consistently fragment the ceramic to a specific fragment size whilst maintaining bulk cohesiveness.
The Model Implementation and Validation
Code Implementation
Through the modification and implementation of a coded user subroutine, the crack softening model was applied to the hydrocode AUTODYN-2D.
For each cycle, the mode I and mode II stress intensity factors (Equations 1 and 2) are calculated for a single, evenly distributed, pre-existing flaw. The size of this flaw was taken to be the average grain size of the material. From these, the energy release rate is calculated ( Equation 7) and compared with the critical value (Equations 10 and 11).
If this critical value is exceeded, the crack will grow at a calculated velocity (Equation 
where P is the pressure, K is the bulk modulus and µ is the compression (ρ/ρ 0 -1). 36 . A second point of the curve is taken from the HEL of the ceramic that is to be modelled. Finally, the quasi-static yield strength is measured at room temperature with little confining pressure. The tensile hydrostatic pressure is determined from plate impact experiments. The approach that was adopted by Coakley ( Figure 5 ) is a reasonable method as high pressure has been shown to result in pore compaction 37 and suppression of fracture 38 .
Moreover, the existence of pores results in premature nucleation and growth of microfractures. Their presence is also likely to reduce the HEL of the material.
Therefore, the dynamic yield strength of a high purity, low porosity, fully dense alumina can be assumed to be the limiting case for the yielding of an alumina under large hydrostatic stress.
In the absence of Hugoniot data for Sintox-FA and Sintox-CL, the pressure dependent yield strength relationship derived by Rosenberg for AD85 and Lucalox was used.
Above a pressure of 6GPa, the linear response is assumed to break down as the HEL for the fully dense Lucalox is reached (i.e. yielding occurs for the fully compacted material). The spall strength was assumed to be 0.3GPa, which is consistent with published data for similar aluminas 39 .
Above the yield surface defined by the above piecewise relationship, all calculated stress deviators are set to zero.
Steel Sphere Impact of 25mm thick Alumina blocks
A steel sphere impacting a Sintox-FA (95% pure alumina manufactured by Morgan Matroc Ltd.) ceramic block at 1500m/s was modelled in two dimensions using axial symmetry. The projectile was 6.35mm in diameter and the target was 25mm thick. A steel sphere was chosen because the material is homogeneous and well characterised.
The initial mesh density of both the target and the projectile was 0.5mm (i.e. each cell was 0.5×0.5mm square).
The model parameters used in the simulation of the ceramic failure are provided below in Table 2 . An erosion algorithm was introduced to overcome difficulties in mesh tangling during the large deformation of the Lagrangian projectile and target. When the geometric strain of the cell exceeds a specific value, the cell is discarded and its mass is averaged over the surrounding contact nodes. If the erosion strain is set too low, cells will erode prematurely leading to unnecessary energy errors. If the strain is set to a high value, the Lagrangian cells may become distorted, inverted or even tangle. The value chosen in this numerical programme was 200%.
A line drawing of the initial numerical mesh set-up is shown below in Figure 6 . A steel confinement was applied to the ceramic block. During the experiments, this contained the ceramic block.
The model was tested parametrically for sensitivity 40 . This analysis demonstrated that the greatest observed effect was due to changing the material strength parameters.
Increasing the strength of the pre-fractured material substantially reduced the penetration depth of the projectile. Changing the values of the coefficient of friction or the ratio of the dynamic to static energy release rate (h) had very little effect on the result.
In addition, the failure patterns that were formed on impact were particularly sensitive to the strength of the material. Increasing the spall strength to 0.3GPa and 0.5GPa respectively, reduced the degree of fracture but had little effect on the reduction of the penetration depth. Moreover, the formation of conical type cracks was suppressed.
Increasing the strength of the material by 20% throughout the pressure range of interest (maintaining spall strength of 0.1GPa) also suppressed conical crack formation and led to the growth of two large axial cracks extending outward from the target centre.
Changing the initial microcrack angle by ±20% had little effect on penetration depth and crack formation. This provided validity to the technique of using a fixed angle to simulate a problem that consisted of a number of randomly distributed, sized and angled flaws.
The results from an impact by a steel sphere at 1500m/s are shown below in Figure 7 .
In each case the degree of crack propagation is characterised by the shade of the colours. The simulation was allowed to run to 20μs at which point the failure patterns that have evolved were compared to experimental firings. Figure 8 shows the comparison between experimental and simulated failure caused by a steel sphere impacting an alumina target at 1500m/s. One striking difference is the geometry of the crater, however this is caused by the fact that separation of the Lagrangian mesh is limited.
Instead, full crater particulars can be taken from examination of the lateral crack propagation, which, during the experimental firings, cause the front surface of the ceramic to spall.
All major failure phenomena were predicted by the numerical model, including spall, lateral and conical (Hertzian) crack patterns. The model also correctly predicted penetration depths and crater diameters. The failure of a ceramic target subjected to impact velocities in the range of 1000m/s to 2500m/s was modelled using the developed crack softening model. The penetration of a 6.35mm diameter steel sphere into a 25mm thick alumina (Sintox-FA) was simulated and compared with experimental results.
PHOTOGRAPH SOMEWHERE HERE (ABOVE NUMERICAL RESULT)
Good agreement was predicted for both the measured depth of penetration and the crater diameter. A comparison between the experimental and numerical simulation results for a projectile impacting a 25mm Sintox-FA block are presented in Figure 9 and Figure 10 . The depth of penetration measurements were taken from the centre bottom of the crater. The crater diameter was determined by examining the cracking pattern and estimating the degree of fragmentation (and hence spall) on the surface. 
Conclusions
A physical failure model that describes the processes of crack nucleation, growth and coalescence in compression and tension has been developed and implemented within a numerical hydrocode, AUTODYN-2D. Failure is controlled by the activation of inclined flaws or by the nucleation of fracture by plasticity. In compression, the energy release rate is calculated for the tensile propagation of 'wing' cracks from an inclined flaw and modified to take into account dynamic effects. In tension, the energy release rate is calculated according to time dependent, dynamic fracture mechanics. Crack growth occurs at a velocity dependent on the mode I stress intensity factor. Coalescence and bulk failure of the target occurs when the crack propagates past a cell boundary. The degradation of the yield strength and elastic moduli within a cell is dependent on the size of the crack in relation to the geometry of the cell. 
